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I. INTRODUCTION 



The proper application of stiff eners, i.e., stiffen- 
ing ribs fixed to a plate, leads to an increase of the 

ig strength of rectangular plates* In ' calculating 
.ed plates, we have to distinguish" "between: 

Plate s wi th large spacing of the st if f eners in 
he "bending stiffnesses of the plate and ribs appear 
ely in the calculation, and 

Plates with small stiffener spacings for which 
ding stiffness of plate and stiffeners in the direc- 

the stiffeners can be combined to a new bending 
ss, provided the stiffeners all have the same cross 
• In general, we are allowed to treat such plates 
as orthotropic plates. 

The first investigation on the stability of plates, 
corresponding to l) above, was made by Timoshenko (refer- 
ence 2), who calculated the buckling stress of plates with 
one, to three longitudinal or transverse stiffeners with 
equal spacings. He considered hinged plate edges and two 
loadings, uniform compression and pure shear. It is well 
to note here that in the following discussion those stif- 
feners in the direction of the normal loading are called 
longitudinal, and those perpendicular to the direction of 
loading are called transverse, 

Timoshenko uses the energy method for solution, a 
method which was applied by Bryan (reference 3 ) in his 
classical work on the buckling of a rectangular plate, and 
which was later on -' taking into consideration the mass 
forces - exactly proven by Reissner (reference 4). Recent- 
ly the stiffened plate with one longitudinal stiffener in 

"Stabilitat gleichmassig gedr&ckter Rechteckplatten mit 
Langs- Oder Quersteif en." Ingenieur-Archiv, vol. 8, 
no. 2, 1937, pp. 117-150. 
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the middle of the compression field,- i.e., the middle of 
the plate, stressed by pure "bending, compression, or shear, 
was considered "by Chwalla (references 5 and 6), and the 
problem was "solved also with the aid of the energy method. 

In the application of the energy method, the wave form 
is assumed to he represented by a series which satisfies 
the boundary conditions, and the coefficients of which are 
determined by minimum energy considerations. ; The more ex- 
actly the assumed shape of the wave pattern agrees with 
the actual pattern, the less terms in the summation are 
necessary for a sufficiently accurate calculation of the 
"buckling stresses. Exact "buckling conditions in a finished 
form cannot he developed with this method. However, for 
some case s , concerning the loading and the react ion s of the 
plate, we have complete solutions of the differential equa- 
tion and in these cases the "buckling conditions can "be rep- 
resented exactly. As the stiffened plate consists of a num- 
ber of nonstiffened strips which are connected with each 
other along the stiffeners, the solutions of the differen- 
tial equation for the nonstiffened plate can be accordingly 
applied to the stiffened plate. 

For the unstiffened plate Timoshenko (reference 7), 
Eeissner (reference 8), and in a more complete manner, 
Chwalla (reference 9) have set up the buckling conditions 
for uniform compre ssion in one direction , the loaded edges 
being hinged with optional support of the longitudinal 
edges; with the aid of the complete solution "of the differ- 
ential equation. The solutions for supported transverse 
edge s and hinged longitudinal edges originate from 
Schleicher (reference 10). 

¥ith shear stresses, complete solutions are known only 
for the infinitely long strip. The fundamental investiga- 
tion for this is the work of Southwell and Skan (reference 
11), in which pure shear stress with hinged and fixed lon- 
gitudinal edges is investigated. Schmieden (reference 12) 
develops solutions for combined shear and compression of 
the infinitely long strip. 

In the present paper, the complete buckling conditions 
of stiffened plates are being developed for uniform compres- 
sion. We shall treat plates with one or two longitudinal 
or transverse stiffeners at any point, discuss the buckling 
conditions, and evaluate them for different cases. 
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For the special case with any number of .longitudinal 
stiff eners with equal dimensions and with equal spacings, 
Lokshin (reference 13) has calculated the buckling ... condi- 
tions. However, as we shall prove in the following, these 
buckling conditions are not complete. 



II. PLATS WITH LONGITUDINAL STIFPENERS 

!• General principles . - The rectangular plate with 
the length-width ratio a » a/b is equipped with longitu- 
dinal stiffeners at the points y « b x , y = b x + b 2 , etc., 
by which it is divided into several nonstiffened areas 
with the ratios a x = a/b 1? a 2 = a/b 2 .... = a/t^ (fig. 

1). If the plate is loaded with uniform normal stresses 
<J X at the edges x - 0 and x =s a, the buckling deforma- 
tion w = w(x,y) of the plate middle area inside of any 
field i satisfies the differential equation : 

S x 4 3x a 8y s By 4 2 8x D 3x 

in which " D = 

12(1 - p. s ) 

is the stiffness and t is the thickness of the plate. 
Considering the ratios 

b x b x 



op. = - v<T, n s — p — = (Euler buckling stress) (ref- 

1 °ie lo k t 



erence 14). In reference to the width ■ b x of the first 
plate field, the differential equation (l)' changes into 

A Awi (| ,T)) + rr s cp = 0 (2) 

Under the assumption of hinged mounting, (w «" Aw = 0) 
at the borders | = 0 and £ « a x , which is valid for the 
following considerations, the differential equation (2) is 
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satisfied "by the equation* 

wi = L mi Y mi (T)) sin v mi % with v m± = -J^ (mi=l,2,3. . . . ) 

Substituting this solution in equation (2), we obtain 

for the function Y mi (T]) f which only depends upon T|, for 

every value mj , the ordinary differential equation 

mi mj[ mi mi 1 m i 

the solution of which is 
Y mi 55 A i sinh K xi T| + cosh T) + 

+ Ci sin K ai 71 + Di cos K 2i T] (5) 

in which 



*ii = / u mi (tt *• T? mi ) 

** 

Por determining the constants Ai to Di , we have 
homogeneous equations at our disposal; the solutions w ^ 
0 are only for special values cp x , the so-called "buck- 
ling values k 1 , with the critical buckling stresses 
°k = k i a ie* Every term of the solution (3) satisfies the 
boundary conditions at the borders | = 0 and f = cx x ; 
therefore for each value mi buckling values k x can be 
calculated, the buckling areas of which run in a sine curve 
in the ^-direction with mi half-waves. As every two ad- 
joining fields are continuously connected along the longi- 
tudinal stiffeners, it is necessary for obtaining the buck- 
ling, sine-shaped in the ^-direction, that the number of 
half-waves in both fields - and therefore in all fields - 
be the same. For this reason, we can put 

*This expression, by which the buckle in the ^-direction 
is assumed to be a sine-curve, was used by Timoshenko, 
Heissner, and others for problems of stability; actually, 
it is even older and was formerly used in probelms for bend- 
ing of rectangular plates. 

**The constants Di with the subscript i must not be 
confused with the stiffness of the plate D. 
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m i e m * Vm± = Vat « x i = . K x 

Sl 2 

The values K 1 and K s are real for the "actually 
occurring cases, since the Truckling stresses of the stiff- 
ened plate, whose "borders T] » 0 and T| = h/h x a 0 are 
generally strengthened hy some form of support, are_greater 
than the minimum values of the real solutions (rr J k x a v m ) 
which give the Euler critical stress 

_ m 3 Tt 3 D 

of the strip with the length a, whose longitudinal edges 
are under uniform compression. 

As will "be shown in the next section, we have, for 
determining the 4r constants A A , Bj , 0^ , H± (i = 1, 2, 
... r) four "boundary conditions at the "borders T| = 0 and 
and T| a h/hj = 3 and, furthermore, 4(r - l) transition- 
al conditions at the stiffeners which form a system of 4r 
homogeneous equations. We obtain the buckling condition 
with the aid of the se equations "by put t ing the dete rminant 
of the denominator equal to zero. Only the minimum values 
of the roots of the "buckling equations are of interest, the 
other roots representing higher "buckling values. 

The "buckling values k with respect to the total 
width "b of the plate, i.e., (reference 14) k a o* x /a e t 
are calculated from k x : 

* ■ «=. z % - *. (&)" - *» ? 

2 • Boundar^and transiti on al conditions .-At the 
"borders T| = o and T( a 0 f the plate is generally con- 
nected to edge supports. In many cases these supports 
have relatively large and compact cross sections, so that 
a certain elastic mounting of the plate with them is given. 
This mounting should "be taken into account in the general 
"boundary conditions. (See reference 9 . ) 

Por the stiffeners and supports 0 to r, respec- 
tively, we introduce the following notations: 
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»0 


to 


IV, 


cross sections 




E J^ 0 


to 


E J T)r» 


bending stiffness about T) 


axis 




to 




torsional stiffness* 




Along the border line 
and the support 0, there 


T) = 0 between the field 
acts as an internal force 


1 
the 



"bending moment 

and the reaction forces 

4ti = - r~3 I — 3 + (2 - I*) "" J (?) 

71 ^i 3 v an 3 a| aT 

of the plate field 1, which, if we consider the plate cut 
off along the support, are to be applied as external loads 
to the support (fig, 2). 

The bending moments m^ create a torsional stress in 
the support. The change of the total torsional moment M| 
act in g at the po int f is therefore 

d Mfe 

T = 

b,d^ 1 

Under the assumption that the change of slope of the 
cross sections can be neglected in the torsion considera- 
tion, which applies exactly only for circular and ring- 
shaped plates, but can be approximately assumed for other 
shapes, the mutual . twisting d-d of the stiffening element 
b x d % is; 

If; 



and from this follows: 

lit = G T, 



dfl 



*The values T 0 to T r may be taken from the results of 
Weber*s work (reference 15) or from that of Porster (ref- 
erence 16). 
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On account of the continuous connection of stiffener 
and plate, the twisting of the stiffener is equal to the 
slope of the plate, i.e., . . 

* « tan * = 8Wl 



therefore - 

' 11 0 h x 3 dg s 0 h, 3 a i a an 

so that the first "boundary condition at the point T) = 0 
is 

- 57 ^ + " = * *• iTT^Tii. <8) 

The reactions of the plate field 1 create in the 

support a "bending moment Mf| ahout the T|-axis f assuming 
the "border of the plate to "be at the shear center of the 
support. If, at the same time, the support is acted on "by 
the compression stresses axk * then, at its ends, we have 
the compre ssion forces 

P o = °xk F o = k x o"ie P o 

which at the point £ induce the "bending moment P 0 w x . 
For the "bending of the stiffener which, on account of the 
continuous connection "between it and the sheet, agrees 
with the deflections w x for T| = 0 1 we have therefore 
the differential equation 




From this, "by differentiating twice with respect to | a 
second "boundary condition for T| = 0 is obtained: 

EJ T|o - 1 - = - 



/aw. / „ \ a w, \ , a w. 



V3f an 3 ' " a^an' 1 ie ° ag« 

(9) 

For the support r, i.e., for T| s p, the corresponding 
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boundary conditions are 

and 

4 3 ^3 -> 2 

Between the adjoining fields i and i + 1, there 
is the stiffener i with the cross section Pj and the 
moment of inertia about the T|-axis. At the stiff- 

ener, the conditions of continuous connection to the sheet 
have to "be first satisfied. Therefore , for 

Tl hi + b 3 + . , . * bj 



'1 



we obtain 



and 



w A = (12) 

Since the cross sections of the stiffeners generally 
have I, L, or Z forms, indicating no great torsional 
stiffness, we may neglect the torsional stress which oc- 
curs in the stiffeners due> to the bending of the plate. 
The experiments of Erlemann (reference 17) justify this 
assumption. The moments mjj of the fields i and i+1 
at the stiffener are therefore equal, i.e., 

3 2 2 2 

" 57 W + " Tp-* " V s " W" + * ^p"^ <14a> 

Along the stiffener, we have, as a further condition of 
the continuity 

£Zi = ^l±±J ' (14-b) 
so that the transitional condition *(l4a) becomes 
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vr 



i _ 



_. 



(14.) 



Considering the fields i and i+1 as cut off at the 
stiffener, a transitional condition corresponding to "bound- 
ary condition (9) applies, hut instead of the' reaction force 
of the border field, the difference between the reactions 
of the fields i and i+1, adjoining at the stiffener, 
have to he introduced. Therefore, 



EJ 



d 4 w 



Tli 



i _ 



3 

O. W i+1 



an 



a* 1 



(15a) 



Considering equations (13) and (14b), we have at the stiff- 
ener , 



9 



so that the transitional condition (15a) is simplified to 



EJ 



4 

9 Wj 



9 I 



9 3 w 



'ie 



d£ 2 
115) 

In the term on the left side and the last term 
of the right side, the index i of w may be replaced 
"by i + 1, as it makes no difference to which of the ad- 
joining fields the deflections of the stiffener are refer- 
enced. Equation (15) applies exactly only to the symmet- 
rically connected stiffener, the neutral axis of which co- 
incides with that of the plate. In many cases, the stiff- 
ener will he fastened only on one side of the plate. In 
this case, according to the proposition of Timoshenko (ref- 
erence 2), the moment of inertia Jj\i must he referred to 
the axis which lies in the connecting surface "between the 
stiffener and plate. The additional stresses in the plate 
which arise from this condition are not taken into consid- 
eration. They fade very fast along the effective width in 
the T]-direction f according to statements by Ohwalla (refer- 
ence 18). 



Table 1 







i 


6 








/ 


8 


h 




Gl. 


A, 1 




c, I 


Dt 


^2 




C * 




1 


( h ) 




1 o 


*0 *2 


— e x 












(«/) ' 




-<Po 


+ *a c 2 


— *• 










$ 


(12') 




e (£of?tf 1 


sin ^ 2 


COS « 2 


— Sin 




— sin x t 


— cos x t 


4 


(>4') 


«l Sin 


«i (£of «! 


— «5 sin x z 


«?> COS « a 


— «f Sin«x 


— ■ «f <£of 


+ «1 sin « 2 


+ *1 cos 


5 


(13') 


(£of 


«! Sin ?<! 


H z COS « 2 


- — x % sin «2 * 




— »x Sin x x 


*2 COS *2 


+ «2 sin * s 


0 


('5') 


— x\ (£of x t 
+ Sin *! 


— x\ Sin 


+ x% COS « 8 
+ & x sin x 2 


: — «| sin x % 

-f ^COSXj 


+ «5 (Sof x x 


+ *J Sin x x 


— x\ COS * t 


+ *f sin *, 


7 


Co') . 












e x (£of j? . 
+ ^2*1 Sin 


— sin p x t 
+ Y t x t cospx t 


— e x cos p x % 
— W % x t sin p x t 


s 


(ii') 






i 


\ — Sin 0 «i 


«x c x Sin 0 «j 


— x t c t cos p x t 
— 4>2 sin ft x x 


x t c t sin p x t 

0 % COS P X % 



® = sinh 
e =coih 
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In the following, we take the ratios between "bending 
stiffnesses, dependent .upon the cross sect ions of the stiff* 
eners, and those of the plate from Timoshenko (reference 2) 

**■ \D ' 1 bD 11 . T> 

6 ii - ^ ^ = bt S4i b~ 

and, to abbreviate » we place 

and = V s 

1 TdiD 



After introducing the solution (3) in the "boundary 
and transitional conditions (8) to (15), the following 
equations, independent of % are obtained, which serve to 
determine the constants A to D in the functions Y. In 
these equations the index m (ra = number of half-waves in 
the ^-direction) is omitted for reasons of simplification. 



T l" - ^0 V - V> V* = 0 

- T" 1 + V s (2-n) Y x « - * 0 Tj, =0 

Y r " + * r Y r « - M- U 2 Y r = 0] 

+ Y^ 1 - i>a (2-n) Y r » - $ r Y r = 0 



for T[ = 0 



for T| = p 



Y i - Ti+i = 0 

Yi'-^i+i = 0 

Yi" - Y i+X = 0 
m tin 

~ Y i + Y i +1 + Vi= o. 



for T| = 



^1*^2* • • • + ^i 



(8») 
(9') 

(10 0 
(11 ») 

(12') 
(13 «) 
(14«) 
(15 0 
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3 . Plate with one longitudinal, _stif£ener.~ In the 
case of one longitudinal stiffener,. r - 2. With the so- 
lutions, . 

Wj ~ Y x sin v |, T x a A x sinh K x T) + B x cosh K x T) + 

+ 0 1 sin k 2 T| + cos K 2 T], 
w 2 a Y 2 sin v | , Y 2 = A 2 sinh K x T] + B 2 cosh k x T) + 

+ 0 2 sin K 2 T] + D 2 cos K 2 T| 

we obtain from (8*) to (15 T ) a system of homogeneous equa- 
tions, the coefficients of which, with the abbreviations 

(e a + e 2 = c x + c 2 = K X Q + K a 2 ) 

are shown in table 1. This table is, at the same time, 
the denominator determinant to be solved, the lines of 
which are denoted by the numbers 1 to 8, and the columns 
by the letters a to h. 

& ) Solution of the determinant and the general buck- 
1 ing .conditions,- Solving this determinant, we denote the 
subde terminant s as follows : 

1 2 
a b 

is the subdeterminant which is obtained from the complete 
determinant by canceling the lines 1 and 2 and the col- 
umns a and b. The determinants marked. with overlining 
are to be formed from the subde terminant s on the left side 
of the equation. 

After eliminating the lines 1 and 2, the determi- 
nant become s : ' * 



e 3 = k s b + V 2 

c P = K P 2 + p 2 (2 - |X ) 
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+ K» (* 0 *o- c i e 8 ) |a!d| 

r (is) 

The lines 1 and 2 contain only the unknowns A x to D x f the 

lines 7 and 8, only the unknowns A 2 to D 2 • According to 

this, the lines 1 and 2 are independent of the lines 7 and 
8, so that in the following elimination of the lines 7 and 8 
the suhdeterminant s 

1. 21 |l, 2| 

a , h| * * # " I c t d| 

with p = a, h, c, and q = b, c, d (p ^ q.) occurring 
in (16), may he generally denoted "by 



7, 8 
e , f 



+ [(^2^3 - c ie 3 ) cosh P K t sin P K 3 + 

+ C-^2^a + <^s e i) K s sinh P K i cos 3 K 3 + 

+ $ 2 (k 1 3 + |{ 2 s ) sinh 3 K 2 sin P K 2 + 

+ \|/ s K x K 8 (K 1 S +K 3 3 ) COsh P K x COS 0 Kg] 



7, 8 
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+ [(- V, 0 2 + c 2 x 2 ©in fixj, sin px 2 ~0 2 (xf + x|) ©in § x f cos /? x 2 + 



+ if 2 «i^ (*! + *D C»f /? Xj sin 0 x 2 + (- ^ 0 2 + c x e 2 ) x^ Sof p cos 0 x 2 ] 
+ [(— !P a <P 2 + c x e 2 ) x 1 ©in j3 x x sin p x 2 — W 2 x x x 2 (x? + xf) ©in /S x x cos /? x 2 — 
— (P 2 (xf + xf) Go) 0 x x sin jff x 2 + (!F 2 <Z> 2 — c 2 e x ) x 2 Gof /J x x cos P x 2 ] 



7. 8 



7. 8 

/. e 



+ [— W 2 x 1 x 2 (xf + x|) ©in P x 1 sin /? x 2 '+ (¥2 #> 2 — ^2) *i©in £ Xj cos P x 2 + 



+ (Y 2 -0 2 -c 2 e x ) x 2 6oj /ffxj sin px 2 + 0 2 (x? + x|) gof |5 x 2 cos /J xj I JJ A 



7.8! 



Separating the factors of $ . \|/ and $ •. ty. , we get 

3 2 £3 



A 81 



7, 8 



^2 ^2 ^2 I 



7. 8 



+ x ; 



*i c i e 2 ( ~ *i sin /5 x 2 8 _|_ g 0 j ^ ^ cos ^ . 



7,8| 
e, h 



+ 



-f- ©in P x 1 sin /? x 2 1 J' ^ — ©in /S x x cos /S x 2 J' ® |j 
+ '* 2 c 2 e i[+ ©in £ *i c os /? « a 7 ' + Sin /? « x sin |8« 2 , — 



+ ® 2 {x\ + xf) (gin j9 * x sin 0 » 2 7 ' 8 I — Sin ^ x x cos ft x 2 



7. 8 



-eoi/3x 1 sinj5x 2 |J; * +6of / 3x 1 cos/3x 2 |7' J 



+ IP, x x x 2 (xf + x§) (<Eof /J Xi cos /? x 2 1 J; * I + Goj/J x x sin/3 x 2 j J J | - 

— ©in Px x cos j8 x 2 1 ^' ^ | — ©in P x x sin P j^' | h 
+ <P 2 .y 2 [x 1 (- J J +G 0 T / 3x 1 sin i ?x 2 J; J -CofjS^cos/Sxj.lJ J 



+ «■(- 



- ©in p x 1 sin /5 x 2 1 7 f ' 8 g | + ©in /? Xj cos ^ x 2 1 7 f ' * |) 
©in/Sxj^cos^Xa 



7. 8 
g. h 



7, 8 



Sin/Sxj^sin^Xs 



7. 8 j 
e, h I 



+ 



+ Cof0^cos0*|£!| +Mi8v n sin i 8« 2 |^|j]. 



(17) 



The solution of the remaining su'bdeterininants with 
four columns gives the following values: 



I, 2, 7, 8 
a, b, e, f 
1, 2, 7, 8 
g 

i> 2, 7> 8| = 
a, b, e, h 
i, 2, 7, 8 
b, f, g 
i f 2, 7, S 

/7 ^ / 7, 



= -0 x x 2 {x\ + Hi) gof k x cos ^ 2> 
= —0 1 x 2 {x\ + «|) Eof x x sin « 2 » 
= — 0 X x 2 (x\ + x%) Sin ^ cos ^ 2> 
= — & 1 x 2 {x'\ -f- 2in * x sin 
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I, 2, 7, 8; 

a, b, g, h\ 
i t 2, 7, 8 
a, c, e, f 

i, 2, 7, 8] 
a, c, e, g\ 

| i, 2, 7 , 8 
| a, c, e, h. 

I i, 2, 7, 8 

k ^ A s 

i, 2, 7, 8 
a, c, /, h 
i, 2, 7, 81 

c, g, a| 

I, 2, 7 , 81 
a, d, e, f\ 

1 1, 2, 7, 8 

I a, 4 £ 

x, 2, 7, 8 

a, e, h 

i, 2, 7, 8 

1 1, 2, 7 , 8 
U, 4 f, h 
1 1, 2, 7, 8 
|a, 4 g, & 
i, 2, 7> 8 

b, c, e, f 

i, 2, 7, 8 

&> c, g 

r, 2, 7, 8 

b, c, e, h 

I, 2, 7, 8 

c, f> g 

i, 2, 7> 8 

&, /, h 

I I, 2, 7, 8 
|6, c, g, & 

I, 2, 7, 8 

6, 4 e, f 

i, 2, 7, 8 

6, 4 £ 

1 1. 2, 7, 8 

4 A 

|i; 7> 81 

1 6. 4 A *l 

1 1, 2, 7, 8 

\b, 4 /, A 

I i, 2, 7, 8 

l&» 4 g a A 

i. 2, 7, 8 

c, 4 e, / 



-<Mi(*! + >£W*i, 

: + < P l*l(*l + *l) COS 2 « 2 , 

: (xf + xf ) [— x x x 2 (xf + x§) +' <2>i sin x 2 c os x 2 — *2 ® in *1 *l)} ) 

+ 0 X X ± (xf + xf) ©Of «i COS * 2 > 

+ 0> x x 2 (xf + x|) Eof sin * 2 > 

: o, 

: (xf + X 2 ,) [+ X x X 2 (xf + «1) + <P X (»! Sin X 2 COS X 2 + «2 ®«t *1 M > 

: + 0 x k x («f + «|) sin 2 x 2 , 

: + <2> 1 x 1 («f+«i) GofXiSinxg, 

= + <2>! x 2 (*! + »l) St» *a cos x 2 , 

= -<Pl«i M+*D COS 2 X 2 , 

> (xf + x 2 ) [+ x x x 2 (xf + x§) — 0 X (x x sin * 2 cos x 2 + x 2 ©in x z Cof x x )] , 



= o, 



:-0 1 x 2 (xf+4)@i* 2 *x, 

+ (xf + «1) ©tn *i COS X 2 , 

+ #1 «2 («1 + «i) ® in ^1 sil1 «2» 

: (xf + x|) [— x x x 2 (xf + x|) + <P X (— x x sin x 2 cos x 2 + x 2 ©in ^ ©of ^)] , 

: — 0^ (xf + x|) sin 2 x 2) . 

:+a> 1 x 2 (x?+xl)@itt*x 1 , 

: + 0 t Xj (xf + x|) ©in sin x 2 , 
: -+x 1 x 2 (xf + xl^ 
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I, 2, 7, 81 

c, d, e, g\ 

i, 2, 7, 8 

i, 2, 7, 8 

c, d, t, g 

i, 2. 7, 8 
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i, 2, 7 , 81 0 
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<P X x t (xf + x|) ©of x x cos x 2 , 

• ^1*1 (*i + *i) Cof x x sin x 2 , 

• <^i«i M + x l) ® in *i cos *2> 
0! ^! (xf + x|) ©in «x sin x 2 , 



Substituting these ralues into the subdeterminant s 
(17) and these again in (I6) f we obtain, by putting this 
expression equal B ero and by arranging the members, the 
general buckling condition! 

M + *» [Zo + (<Po + #2) Z x + (^0 + 2 2 + (<P 0 ^o + <W Zz + 
+ 0 O 0 2 Z 4 + (0 O W 2 + 0 2 Y«) z h + w 0 w 2 z, + 

+ (#0 + *<P%VA Z, + (0 o W o W 2 + <P 2 Y 0 V 2 ) Z 8 + 0 O 0 2 W 0 ¥ 2 z, + 

+ ®X (^10+ #0^11 + ^12 + Vl3 + + ^0^0^15 + <2>2^2^ie + 

+ #0 <^ 2 2 17 + <Po^22 18 + #2 ^9 + V Q W % Z n + #0 <W 0^ 21 + 

+ O O 0 2 W 2 Z 22 ,+ 0 B W.W M Z m + <W^24 + 0 o 0 t VoW % Z^] = o. 
In this equation: 

Z 0 = x x x 2 (x? +4) ^^^^(Sof 0"x x cos/3x 2 — 1) + (x§ c\e\ — x*^**) ©in/S x x sin/SxJ, 

Z x = XyX 2 {x\ + x|) 2 (x x £ x * 2 Sin /? « 2 — *2 ^2 *1 ©* n 0 *1 C0S £ "2) > 

Z 2 = xf xg (xf + xg) 2 («i <i * 2 ®in 0 x x cos £ x 2 + x 2 <r 2 *i * of /5 «i sin j? x 2 ) , 
^3 = *i *2 M + »i) [ — «i »2 (fi *i + *2 '2) + M *i H — A c 2 *i) ©in «i sin /J « 2 - 

— X x X 2 (<7 2 * x + ^ * 2 ) Sof /3 «! COS )S *J , 

Z 4 = - x x x 2 {x\ + *!) 3 ©in 0 sin fi x 2 , 
Z 6 = - «f «1 (*f + «|) 3 So? j8 x 1 cos j8 x 2 , 
Z* = x\x\(x\+ x%f ©in ^ sin jS « 2 = - «f »i Z 4 , 
Z 7 = «x« 2 («? + ^i) 2 ( — ^1 Kof sin + ^2 ® in i? «i cos /? « 2 ), 
= «f «I M + «i) 2 ( - *i © in x i cos P*2-*2 Cof P*i*irLp x 2 ) , 
Z 9 = »!« 2 («i + *S) I 2 «i»2 (Eof cos 0x 2 — 1) + (x| — x?) ©in 0 sin /9 « 2 ] , . 
Z 10 = « x x 2 ^1 C 2 e\e 2 {— *2 ©i n i 3 x i cos ^ ^2 + *i ® °f ^ ^ sil * i 3 ^2) 

+ « 1 X2(^*i + ^2^2)[«i^i^(®ofx 1 sin«2 + M (jS— i^sinOff — l)«i) — 

— « 2 ^2 e l (© in ^1 C0S X 2 + © in (P — r ) *1 C0S (i 8 '— J ) **)] 

+ «f ^1 ^2 [^2 sin «2 «i <M (P — 1) «i — «i @i« »i sin x 2 sin (/3 — 1) xj 
+ ^1 4 e \ [«i©tn «i cos x 2 cos (|5 — 1) x 2 — « 2 sin p x 2 ©in x x ©in (p — 1) xj , 

M + «8) [~ ^i«2 ^1 + ^2 ©in tf Xi sin {p 

+ x x c x e 2 (x x ©o? x x sin x 2 sin (/J — 1 ) x 2 — x 2 sin ^ x 2 ©in ^ J" 1 ^ ^ Kof ( ^ Hl) j 
+ x 2 c 2 e x ( — x x ©in 0 x x sin ( ^ j ^cos (/J ~ ^ + x 2 cosjSx 2 ©in x x ©in (j8 — I ) x x ^ j , 

*i « 2 M + *!)[- «i ^2 ^1 + H *%) (p -1) x x cos tf J'j ^ 
+ x x q ^ («i ©in j8 x, cos (/? ^ sin ( ^ ^ - x 2 cos p x 2 Sof x x Eof (p - i)x x ) 

+ ^2 ^2 e i (~ ^1 i 8 *i cos x 2 cos ()3 — 1) x 2 — 
-X2sin^2^ ( ^^ i)xi ©in^-;)^)], 



Z u = 

12 



Z13 — 
14 
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Zn - 4 * 2 fe * + < 2 4) [* 2 ©in v ^ cos ^ ^ - *fef tf ^ sin ^ J 
+ 2 a^'L Cl e2 'Eof ^ - "> * sin (A ~ J) *• - ^ c i ei ©in <^ ~ !S« cos ?> **L 
+ *! c i e 2 [*i ©in j8 « x sin x 2 sin (/S — i) x 2 — x 2 sin P *a ®°'f *i ®°f (/5 — i) s^] 
+ *i «2 [f i *a( - *h. *»f 0 *i cos ^ Xj sin {fS ~£ ** + 
+ « 2 cos^ 4 Soy^-^^©t„^_^J 

+ C2ei (-« 1 e 0 f^ lS i n( ^_^ i) ^cos^- a l) ^+ . 

+ * a cos 0 x, ©in *» ©of tf J] ' 
+ *! K ©in £ cos x 2 cos (/? — i) « 2 + « 2 sin ($k 2 ©in ^ ©in (/? — i) *J , 
z n = (»i + *l) 2 [— *a ©in «i sin x 2 sin (j8 — i) x 2 + x 2 sin £ x 2 ©in ^ ©in (/? — i) «J , 
Zi. = 4* (*f + 4)> [- * M /J sin ^ ^ cos » - ;) + 

Z 2o = — *! x| («f + *|) 2 [«i©in cosx 2 cos (/S — i) x 2 + *: 2 sin j5x a gofx^eoj (/? — l)xj, 
Z 21 = (*f + kJ) [- 2 ^ * 2 ©in ( ^ ~ x) * sin ( " ~ x) * 2 

22 L " 5*1 x 2 

+ x 1 (—x 1 <S.o'\P>e 1 sin x 2 .sin (j8 — i) x a + x 2 sin 0 * 2 Kof ^ ^ ©in (/J ~^ 
+ + ©in jS ^ cos p ^ sin (/J ** - » a cos 0 « 2 ©in x, ©in - i) ^)] , 
Z 23 = *i* 2 (xf + *§) [- 2 x^ £ D \W- J) *» cos 11 *« 

24 L x l 2 

+ *i *i ©i n ^ *i s i n cos ^~ 1 ^ 2 + x 2 cos f$ x 2 <$,o\ ^©of (/8 — i) 

+ ^ 2 (tc x ^\ (} h x cos « 2 cos (fi - I) « 2 + « 2 sin 0 « 2 ©in ^ ^ (£o^ * x )] 

Z 25 = x 2 Soj x x sin j5 « 2 — x 2 cos /5 « 2 ©in /? ^) 

— 2«f » 2 (6of (j5 — I) sin (/3 — i) « a + Sof ^ sin * 2 ) 

+ »| (©in (jS — i) « x cos (j3 — i) » a + ©in «i cos « 2 ) 

+ »f (— «i©in P «xsin « 2 sin (^3 — i) « 2 + « 2 sin P x 2 ©of ^ ©of (f$ — i) ^) 

+ »|( — *i©m P^cos k % cos (j8— i) * 2 — « 2 sin /? «2©in«!©in (/5 — i) x^). 

Froic this general buckling condition there can he 
derived a number of special cases concerning the bound- 
ary conditions which, however, can only be solved with 
a great amount of calculation. In the following we shall 
discuss and evaluate numerically two simple limiting 
cases, namely, hinged and fixed longitudinal borders, re* 
spectively, 

b) Hinged longitudinal borders.- Por hinged, but 
rigid mounting (w ■ Aw » 0) of the longitudinal borders 
T] « 0 and 11 » b/b x « 3, we have T Q « T Q m 0 and Jt|o 
= Jj| a s », so that 

♦o s * a " °» *o - * 8 9 °* 
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After dividing equation (18) by the factors $ 0 and 

$ the "buckling condition becomes: 
s 

(*i 2 + k 2 s ) [z 4 + * x z 17 ] = o 



or 



- Ki*a (K x 3 +K 2 a ) sinh 3*i sin 3* 2 

+ $ x [- K x sinh p K x sin K 2 sin O-l ) K 2 +> (19) 
+ K 3 sin p K 2 sinh K x sinh ( 3-1 ) K x ] =0 

in which the factor ( ^ x 8 + K 2 2 ) has been left out, as 
it cannot become zero according to hypothesis. 

For the limitation, that the ratio of the field 
widths b x /b 2 is a real fraction, a further splitting of 
the buckling condition (19) is possible. This limitation 
is given by 

b x = r£, b 3 = si 

in which r, s and r+s = u are positive whole numbers. 
With 

r K i ' r 2 

the buckling condi t ion (19) become s 

- K 1 K 2 ( K x 2 + K 2 2 ) sinh u K x ! sin u K s f 

+ $ x (- fC! sinh u K x sin r k 2 t sin s Kg 1 

+ K B sin u K 2 sinh r K x 1 sinh s^ 1 ) =0 

or, since the left side contains the mutual factors 
sinh K 1 t and sin K 3 1 

* , • if / a 2\ sinh uk, 1 sin u K 2 f 
sinh K ' sin K ' - K. K a ( K. 3 + K 2 ^ ) — — y — — — r- 



(20) 



+ § 



1 (~ ^ 1 



sinh 



u K x x sin r K 2 f sin s K 2 T 



sm k ; 



sinh K x 

sin u K 2 l sinh r sinh s^! 1 



(21) 



sin Kg' 



sinh K x ' 



)].o 
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in . which the quotients in the large "brackets are related 
terms. 

The '.buckling condition (21) is satisfied "by putting 
each factor on the left side equal zero, so that it splits 
up in two* "buckling conditions, after dividing through 
sinh k x * (since by hypothesis sinh K x * ~£ 0), which cor- 
respond to two "basically different "buckling forms. 

The "buckling condition 

sin K 2 f =0 (22) 

- • « 

is independent of $ x ; its solutions are 

K 2 = 0 , rrr, 2r tt . • . . 

The solution k 2 = 0 cancels "by hypothesis; to the remain- 
ing solutions "belong the buckling values 

and 

respectively. 

These, however, are the same "buckling values for which the 
nonstiffened plate with the ratio a in the T)-direct ion 
buckles with (r + s), 2(r + s)... and in ^-direction 
with m half-waves, (See reference 2 # ) 

Along the stiffener there is formed a nodal line, so 
that the stiffener is twisted hut suffers no "bending. The 
dimensions of the stiffener therefore are. without influ- 
ence upon the buckling stresses, according to (22) "because 
of the neglect of its torsional stiffness. These buckling 
stresses are, in general, so great that, practically, they 
occur very seldom, (Compare with this the following exam- 
ples: longitudinal stiffener in the distance h, = £ b 

1 1 o 

and ^1 - £ bf respectively). In most cases, plate and 

stiffener buckle at the same time at small k values, which 
are obtained from the buckling condition: 
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U, 2 + K 2 2 ) - 

(24) 

/sin r K 2 ! sin s K 2 1 + sinh r K x 1 sinh s K i tN \ Q 
1 ^ sin u k« r K i sinh u k, 1 ' 



2 



formed "by putting the last factor in equation (21) equal 
to zero* 

Not considering the higher buckling stresses, the 
buckling values grow according to (24) as the stiffness 
Y 1 = Y increases (see following example s ) and reach at 
V =s qdJ i.e., for a knife-edge mounting of the plate along 
the stiffeiier, their maximum values. Since at Y == oo 
$ x = co, the "buckling condition for knife-edge mounting 
along the stiff ener is obtained from (24) by placing the 
factor of $ equal to zero; the buckling condition is 
therefore : 

sin r K B 1 sin s k 2 1 sinh r k 1 1 sinh s k 1 1 /oc\ 

— 4- — — 0 \du ) 

K Q sin u k 2 1 K x sinh u k x 1 



1 

1 • Longitudinal stiff ener spaced at b 1 = b an d 
^ = i 1), respectively.- Having one longitudinal stiff- 
ener at b x = ^ (r » 1, s s 2), the buckling stresses 
are, using (22) and (23), respectively, 

k , 9 ("3a m\ 2 3 /6a + m \ 8 

\ m 3a/ * \m 6a/ 

In this , the first term (buckling f orm : 3 half -wave s in T)- 
direction (see fig. 3,1) contains the minimum values k = 

9X4 = 36 with - i . i.e. f for the ratios a = l/3 at 

m ss l f a = 2/3 at m = 2 ♦ .. For a longitudinal stiff- 
ener at a distance b - b/4, the corresponding buckling 
values are 



The buckling stresses according to (24) and (25) (buckling 
forms, see fig. 3,11), are calculated for the same values 
of Y and 6 and plotted against a in figure 4. These 
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"buckling stresses are, even for Y = » f essentially smallr* 
er ; than the ones from (23) with the minimum values k = 
36, and 64, respectively, so that the buckling condition 
(22) Jhas no practical significance. 

The buckling-stress curves ' from (25 ) , i. e. , for V » 

• \figs» 4 and 5) have no points of inflection, similar 

to the' axes for Y = 6 = 0 ■ '(nonstif f ened plate), but each 

/ hi 
has only a minimum ( k - 10.6 for — 1 = k = 8.55 for 

h, 1\ V * 3 

b ~ 4/* s0 th, at the plate "buckles in Indirection in the 

sequen.ee 1,2,3 ... • ♦ half ~>wav t e s for increasing values of a. 
However, for finite values of Y some of the curves have 
points of inflection; for. Y = 10, in the examples, the 
curve even has a* maximum and consequently, two minima. 
From this fact follows that the plate in the. example 
b^b = l/3 * and Y = 10 buckles for increasing values of 

the ratio a, in the following sequence of the longitu- 
dinal waves m: 



0 


< 


a 


< 


0.95 


m 


= 1 


0 


< 


a 


< 


1.00 


m 


* 1 


0.95 


< 


a 


< 


1.49 


m 


= 2 


1.00 


< 


a 


< 


1.26 


m 


= 2 


1.49 


< 


a 


< 


2.31 


m 


= 1 


1.26 


< 


a 


< 


2.64 


m 


= 1 


2.31 


< 


a 


< 


3.02. 


. m 


= 4 

















etc. 

Corresponding relations are shown in the example b x /b « 

l/4 (fig. 5). For large values of a the curves in 
their range of validity approach gradually the value of 
the minimum with the smaller ordinate. 

In table 2 the smallest buckling value s k are given 
for the ratios a ~ 0.6, 1.0, 1.4, 1.8. Tor the accurate 
calculation of the numerical values the tables of circular 
and hyperbolic functions by Hayashi (Berlin, 1926) with 
seven and more figures were used. 
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TABLE 2 



b,/b 


Y 


8 


a . 


if 
























0.6 


m 


1.0 


m 


1.4 


m 


1.8 


m 






0 


9 . 849 


1 


8« 959 


1 


7 • 85c 


1 


/•rob 


1 




5 


0.1 


y • f y o 


J. 


O • 3: X & 


JL 




T 

Ju 




+ 






0.2 


9.735 


1 


7.861 


l 


6.293 


l 


'6.045 


i 


1/3 




0 


10.215 


1 


10.697 


2 


10.244 


2 


9.754 


l 




10 


0.1 


10.201 


1 


10.652 


1 


9.549 


1 


8.658 


l 






0.2 


10.186 


1 


10; 323 


1 


8.742 


1 


7.747 


l 






0 


8.062 


1 


7.015 


1 


6. 643 


1 


6.997 


i 




5 


0.1 


8.032 


1 


6.808 


1 


6.181 


1 


6.441 


l 






0.2 


7.999 


1 


6.539 


1 


6.751 


1 


5.909 


l 


1/4 




0 


8.362 


1 


8.266 


1 


8.096 


2 


8.182 


2 




10 


0.1 


8.317 


1 


8.128 


1 


7.786 


1 


7.659 


1 






0.2 


8.308 


1 


7.979 


1 


7.368 


1 


7.104 


1 



2 • Longitudinal stiffener in the mlddle„of_the jlate • 
If the stiffener lies in the middle of the plate (hi = 

r - s = 1), the plate buckles according to equations 

(22) and. (23) with one nodal line in the middle at the val- 
ues 

k = 4 (§2 + JL) ... (26) 
\ m 2ay 



the minimum values of which are k = 16 at the points 
a - £ (m = ' 1 ) , a, = 1 (m = 2 ) , etc. 

The corresponding "buckling forms are antisymmetrical 
to the center line T| a 1 (fig. 6,1). The "buckling con- 
dition (24 ) change s into* 

The "buckling condition (27) is also present in the gener- 
al solutions "by Lokshin (reference 13), in which, for the 
special case of an arbitrary number of equal stiffeners 
equally spaced, only the ' symmetrical buckling forms are 
considered. While in our case - same as in certain cases 
for plates with an odd number of longitudinal or transver- 
sal stiffeners - the antisymmetrical "buckling cases can he 
derived without difficulties from the symmetrical "buckling 
cases with respect to half the plate width or length, this 
cannot be done at an even number of stiffeners. B u t the 
antisymmetrical buckling cases give in certain regions the 
smallest buckling values, as will be shown later at exam- 
ples of a plate with two longitudinal or transversal stiff- 
eners. 
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• ' 0 . /tanh k i tan:. K a \ 

- 2 <*i 8 + y>* •iA" * x - —«~) = 0 (27) 

in the limiting case, Y = «, ifr "becomes 

tanh tan K 3 _ Q . ( 28 ) 

Equation (28) agrees with the "buckling condition of a plate 
with the width b/2, one longitudinal "border of which is 
hinged and the other fixed ( reference 8), so that the cor- 
responding "buckling form is symmetrical to the center line 
Tt m 1 (fig. 6, lib). 

Timoshenko (reference 2) calculated the smallest "buck- 
ling stresses for the plate with longitudinal stiffened in 
the middle by means of the energy method. 

« 

Contrary to the example with one longitudinal stiff- 
ener at a distance b x = b/ 3 or b x « b/4, in our case, 

*b x = b/2, the "buckling form with the nodal line at the 
stiffoner is of importance. With increasing Y , at first 
(27) gives the smallest "buckling stresses, until at a cer- 
tain value of Y, which may be denoted as minimum stiff- 
ness (min^)' * he same -buckling values as with (26) are 
obtained. An increase of Y does not lead to a further 
increase of the buckling ^tresses, as the smallest buck- 
ling stresses are then obtained from the buckling condi- 
tion (22), and (26), respectively, which is independent of 
Y, and for which the plate buckles with one nodal line at 
the stiffener. Hence the value niin^ is at least required 
to get the maximum value of a plate with longitudinal stiff- 
ener in the middle . The minimum stif f ne sse s have been cal- 
culated numerically by the author in a special paper (ref- 
erence 19 ) . 

3 • Dependence of the buckling stresses on the posi- 
tion of the longitudina l s tiffener.- The dependence of the 
buckling stresses k on the ratio b 1 /b > is shown in -fig- 
ure 7 for the square plate, for different values of Y (at 
6 = 0), according to (19). For reasons of symmetry, the 
curves run symmetrical to the center line b x s 0;5. In the 
case of the stiffener lying at the border T) = 0 (b x /b = 0), 
the buckling values for. every value Y, with any but fi- 
nite magnitude, are equal to those of the plate hinged at 
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the four sides; thus, k = 4 (for one half-wave in longi- 
tudinal direction), and k = 6.25 (for two half-waves). 
However, for Y = oo f the border T| = 0 is considered as 
"built in, as the "buckling stresses in this case take the 
values, k a 5.74 and k = 6.85, respectively, of a plate 
fixed at one longitudinal "border and hinged at the other 
points. The buckling values increase for increasing bor- 
der distance b lf depending upon the magnitude of Y. 
For knife-edge mounting along the stiffener (Y « «) the 
ciirve (for m = l) reaches its maximum value k = 25 for 
b 1 /b 0.5. To this value corresponds a buckling form with 
one nodal line at the middle stiffener. The corresponding 
maximum value for m = 2 is k a 16. 

Both curves intersect each other at the point b,./b = 

b 

0.16, so that for border distances — 1 < 0.16, we obtain 

b 

the smallest buckling stresses for one longitudinal wave, 

and for border distances — x > 0.16 for two longitudinal 

b 

waves. The full line (see fig. 7) consisting of these two 
curves, which contains the smallest buckling values for 
Y =oo, represents at the same time the upper limit for 
all buckling stresses occurring in practical cases. 

For values Y < Y min (for instance, Y = 1,3,5 in 

fig. 7 ) plate and st if f enor buckle in the entire region 
with one longitudinal wave. With the value of the minimum 
stiffness, that is, in this example, Y min = 7.23, accord- 
ing to table 2 of reference 19, the maximum value k a 16 
is reached at the point b^b = 0.5 with m = 1 . Por val- 
ues Y > y m ± n in a mean region, the magnitude of which 
depends -upon V, the buckling values for m = 2 longitu- 
dinal waves are determining. 

In the neighborhood of the center of the plate the or- 
dinates of the curve for Y = ^min ore practically equal to 
those of the limiting curve for Y = oo ( m = '2). In b x /b « 
0.4, the difference only amounts to about 2.5 percent. 
Por a stiffener near the middle of the plate the same is 
true, namely, that an increase of the stiffness over the 
value Y m ^ n does not have as a result an increase of the 
buckling stresses. 

d) Fixed longitudinal borders.- With borders T) = 0 
and T| = b/b x = p built in, the values 
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J T)o 



= J 



T)2 



x 0 A 2 



and at the same time 



Dividing the general huckling condition (18) through 
the factors $ Qt $ g> \|/ Q , \J/ 2 the members containing these 

factors in the denominator are , with the values above, 
equal to zero and the "buckling condition ."becomes 



( K x « + K a 2) (Z s + $1 Z 28 ) = 0 



or 



: ' (29) 



^1^2 (K 1 2 +^ a 3 ) [2K 1 K a (cOSh pK x COS pKg-l ) + 

+ ( K 2 2 - K^sinh M x sin 3k 2 ] 
+ $ x |k 1 k; 3 [k x cosh Pk x sin Pk 2 -k 2 cos M 2 sinh Pk x ] 
-2 K x 2 K a [ coshO-l) K x sinO-l) K a + cosh K x sin k 2 ] 
+ 2 K x K 2 2 [sinh( 3-1 ) cos( 3-1 ) * 2 *f sinh k x cos k 2 
+k 1 2 k x sinh pK x sin K 2 sin(p-l) * 2 + 

+ k 2 sin 3k 2 cosh K x cosh(3-l)K 1 ] 
+ K 2 2 - K x sinh 0K X cos K 2 coe(P-l) * 2 - 

- K 2 sin 3* 2 sinh K x s inh (3-1 ) K x ] | =0 ^ 

In case the stiffener lies in the middle (3 = 2), 
the left-hand side of the buckling condition may he reduced 
to the product of two factors: 

^ K Q sinh K x cos K 2 - K x cosh K x sin K 2 ^-X 

x { K x K s ( K i 2 + ^ 2 ) ( K i sinh K x cos K 2 + k 2 cosh K x sin K 2 ) ? > (30 ) 

+ $i [k x ^(l-cosh K x cos k 2 )+ r> 2 sinh K x sin * 2 ] } = 0 

so that two "buckling conditions are formed which are inde- 
pendent of each other • 
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1 # The buckling condition which is formed by put- 
ting the first factor in (30) eq.ua! to zero: 



K 2 sinh K x cos Kg - *i cosh «x sin K s = 0 



(31) 



is independent of $ lt and agrees with the "buckling 
condition for a plate of the width b/2, ^hose one lon- 
gitudinal border is hinged, the other one being fixed 
(reference 8)# The corresponding buckling form con- 
tains therefore a nodal line at the stiffener. The nod- 
al line is identical with hinged mounting of the plate 
at the same point (ant isymme trical buckling with respect 
to the axis T| = l). 

2. By placing the second factor in (30) equal to 
zero, the buckling condition 



+ K 2 cosh ti x sin Kg) + 

* $x [*i ^2 (1 - COSh K x COS K a ) + 

+ V s sinh K x sin K 2 ] = 0 



(32) 



is formed, which gives the buckling stresses of plate 
and stiffener (symmetrical buckling with respect to the 
axis T) = 1 ) . To the limiting case 0 corresponds 

the nonstiffened plate fixed at the borders T[ = 0 and 
T) ~ 2; the corresponding buckling condition becomes: 



K x sinh K x cos 



+ K s cosh K x sin K 2 = 0 



(33) 



from equation (32), reference. 8. 

In figure 8 the buckling values k are plotted 
against the ratio a« A comparison with the correspond- 
ing buckling curves for hinged longitudinal borders shows 
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(reference 14) that the ant i symmetrical buckling form • 
with built-in borders is already determining for consid- 
erably smaller values of Y than for hinged longitudinal 
borders (reference 19), 

4 * Plate, with tw o l ongitudin al st iffeners : 

a ) general Jb u ckl i n g condition . - The inve s t igat i on 
of. the rectangular plate with two longitudinal stiffeners 
(r as 3) is limited to the case of all four borders hinged. 

We have 

*o = * 3 - 0, Y 0 = Y 3 = co 

and therefore , 



0, 



$ 0 = 



3> = 00 
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Table 3 







a 








e 


f 




GL 








A 


A * 




I 


(9") 




I 




i 






2 

3 


(8") 




*i 




— *! 




\ 


(12') 


Sin*! 


(£of *! 


sin 


cos x s 


— Sin «i 


— GoK ~1 


4 


( T 4 ) 


*i Sin *i 




. cm <%e 




/v^ will «! 




5 


(130 




Sin * x 


* a COS X a 


— * a sin * a 


— * x <£of x x 


— «i Stn^! 


6 


(15') 


X? £0f *! 

+ (Pi Sin 


— x? Sin « x 


• COS x+ 
+ 0 X sin x t 


— *f sin x 2 
+ 0! cos * a 




4-*? Sinx a 


7 


(12') 










Sin ^ + 




8 


(14') 












&i ; 


9 

1 

U 


(i.3') 










^i 


— i 


(15') 










+ *,em * + 


*fSin 61 + S 
+ *,<£„[ 


ii 


(II") 














12 


(IO") 

SO i 

to 


that the 


boundary 

^1 = 0, 


r conditi 

(9") 
(8") 


ons (8*) 


to (ll 1 ) si 

Y' B '=o 


.oplify 

(11") 
(10") 



The transitional conditions "between the fields 1 and 2 
are the same as for the plate with one stiffener (table 
l); corresponding equations are obtained for stiffener 2. 
The 4 "boundary and 2x4 transitional conditions form, 
with the solutions: 

wi = Yi sin v £ , Fi = A\ ©in K x r\ + 5i (£{n, *x *7 + & sin * 2 r\ + A. cos * 2 rj 

-2 2 2 2 2 2 2 

3 3 3 3 3 3 3 

the denominator determinant, shown in table 3, from 
which the Truckling condition is obtained by putting it 
equal to zero* 

The solution of the determinant is briefly given in 

the following: After eliminating the lines 1 and 2, the 

determinant becomes 

m+«d \n\ . (34) 

The sub determinant 
the lines 11 and 12, 



becomes, after elimination of 



I, 2 

6, d 



= M + 4) ( ®nt £ *i sin ^ * 2 1 * 2 1 - @in A Xl cos A « 2 1 »■ 



rr r» & & I 11 * I2 I i rr r & & III, 12 1 \ 



(35) 



T»ble 3(cont.) 
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g 








Z 


m 








* a 






























— sin x, 


COS 7C X 










+ x\ sin x % 


-f xj COS H t 










— cosx, 


+ x i sin x % 










— x% cosx a 


4- xj sin 










. fe x + &» 


&i + b t 






• + 


^ + 6, 

— cos 7 7^ a x 2 


COS — — - x t 
b l 






—sin Y *b 




— x| • sin ^ *x, 


— xfcos^^ 'x, 


— x^Stn *^ a x^ 




+ x;-sin a x a 


6 X -f- 6- 
+x2-cos-L__- a x 1 


+ 




«- r bi-\- bm 


— »! Stn 1 ' 'xa 


&! + 6 a 


&1+&1 


x t cos Xj 


— x % sui — 5 x a 






X a COS-^j- — -x % 

°1 


+x a -sin x ^ a x a 


+*jcos2L+l^x 1 
+ <P t sin^t^x. 


&1 + bm 

— x% • sin-—; — -x t 

-f (Pjcos-^ — ? x a 




+^ S in^±^*i 


-xS-cos^— ±x % 


















b 

sin -r-x, 


6 

cos -t-x. 

©1 






xj Sin -r~ «i 




* • b 
— x|sin-r-x a 
1 °i 


| — x| cos X a 



» ABce lines ix ana a* are independent or tne lines 

3 to 6 t the four 8-line suhdeterminants in (35) with 
r » i f k and a » 1 9 n (r^> a) may he written, after 
eliminating first the lines 3 and 4, as 

IK"* Tj-«+^p^^(|^|+a+|SJh|?;|)+ _ I 

+ Sin^COS*, (J* J| _ | J 4|) + ^sin*. (| J 4| _ |3, j|) + cog Xs |3, 4|J. ( 

She nine subdetermlnants occurring In. this equation be- 
come, after eliminating the lines 5 and 6, 

(— Cef ^ cos«, f|f||— «of ^ sinx, | jff | + 

+ ©ma^cosx,^' ^j+Sin^sinXgl^* I|), 

JJ| = W*i +«D (eof^cos^lJll - ete^cosK,! + 



5. 61 



-«.**%|*I|). 



|JJ| - (*! + *S) (*»f % cos *, I j J[ + «of * sinr* I* J) + 



3. 4 
k g 
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: « 2 (*? + tfj) ©Of COS * 2 



5.6 
e> g 



5, 6 
g 



3, 4 1 _ 
a, A| 



x x x 2 (x\+xl) ^Ebf^cos^ 

+ 0 X (*x ©of »x sin * 2 1 J J - «i ©in sin * 8 1 J J | + * 2 sin x 2 cos » 2 | * J| ) , 



5, 6 
e, h 



— ©m^cosx-j^' ^|) + 



3. 4 



3. 4 



3. 4 

I/. g\ 



3. 4 
I/. * 



(*? + P<1) ©Of COS X 2 |* J 

+ <P 1 (—*i®in*icos*i|j J| +x 1 Kofj« 1 sinx 2 |j ) ' 

^2 fal ~i" ^2 

cosh 2 |^' + Eof^isinxa + 
+ 



5, 6 



= *1 « 2 (*1 + *8) *1 C0S *2 

+ <Z> X ^ Eof ^ sin x 2 j 1 1 — x 2 ©in cos | g | ) > 

: ^ * 2 (*1 + «1) ® °f *1 C0S ^2 



5, 6 

A g 



5. 6 
A h 



+ 0 1 ^~x 2 ^mx 1 cosx 2 s j \ +x 1 Soj« 1 -sin« 2 |^' *|). 

Substituting these terms in the subdeterminant (36) f we 
obtain f after arranging the equation: 



I, 2, II, 12 

b, d, r, s 



+ 0 1 (-x 1 sm*x 2 \l> 


f x 2 @mx 1 sin« 2 % 4 c ' t g.h\~ 


+ « 1 ©itt« 1 sin« 2 
+ x 1 sin x 2 cos x 2 


3» 4. 5> 6 
a, c t e, f 


"+*«H5tiI + 


3, 4, 5, 6 
a, c, /, h 





(37) 



The calculation of the subdeterminants of fourth order 
on the right-hand side gives, for the various values of 
r and s f the following equations: 

r = L s ~ I: 



3, 


4. 


5, 6 


a, 


c, 


f 


3. 


4> 






o, 


h 


3, 


4, 


5, 6 


a, 


c, 


A * 


3> 


4, 


5, 61 


a, 


c, 


A *| 


3 - 


4, 


5, 6 


a, 




*. A 


r - 




3, 


4> 


5> 6 


a, 




f 



= +« 2 K+xl)0 2 eoP^±^« 1) 

- - *1 H + *S) ®2 COS 2 X 2 , 



6, 4- 6, 



+ <P 2 ^x 2 ©in bl £ b * *i ©of ~ * ^ ~ ' *i — Xi sin J ft - v, c os 



6, 



s ~ m: 



= - ^ + 4) <P 2 Qof sin i+i « 2 , 



3. 4. 5> ^ 
a, c, e, h 
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13. 4» 5, 6| 
k A *l 



3. 4» 5> 6 
a, c, /, h 



= + W+*[*i«kMi*.*. 

+ <f> 2 ( - * 2 Sin *L+*k Xl S of ^ - ^ sin^^x t cos^±^x t )] ? 



|3> 4» 5. 6 
r = k t 6 



o; 
/: 



3. 4. 5. ^ 
a, e. / 



13. 4. 5, 6 



- *2 M + *t) *2 2ht cos x t , 

M + *I)[*x* 2 (*f + *!) + 

+ <*> 2 (* 2 Sin ^ Gof ^ + ^ sin ^-±^ x, cos *,)] , 



3. 4. 5, 6j 

A d 



3. 4. 5. ^ 

a, c, /, A 

|3. 4. 5. ^ 

[a, g, h 

r = k 



= 0, 

= x 2 (xf + xi)0> 2 Sin«^^x 1 , 



= - M + 4) 0 2 ©in ^ cos ^±^x, 



s = ra: 



= -x 2 (xf +xf)<P t @in*i | jjA* l sin^±^-x t , 
= +x 1 (*f+x|)0 l sin«^±^x t , 

= o, 

Substituting these sub determinant 8 in the four terms 
(3?) ana those again in (35) and (34), respectively, 
the following general buckling condition is obtained 
after multiplying out and arranging the corresponding 
terms by 



3. 


4- 


5. 6 


a, 




C f 


3. 


4. 


5, 6 


a, 


£> 


h 


3, 


4» 


5, 6 


«, 




A S 


3, 


4> 


5. ^ 


a, 


c, 


A * 


3. 


4. 


5. 61 


k 




g. hi 



M + «D* (- «!«! "+ 4)* ©i« sin £*, 

+ M + *t) [*i (- *i ©in^-xismx.sm^^ 
+ x, sin|-x t ©tnxn ©in ^y^^i) 
+ ©in^sin^^sin-^ 
+ 0 1 <P 1 |— x} ©in^-j^sin^sin^-Xjsin^-^ 



— x| sin ^-XjStnx! ©in ©in^Xi 



+ x 1 x t [sin*, ©in (©in ^t^sin^^*, - ©m^sin^x,) 
+ ©inx 1 sin^x,(sin^±^x t @in^i±^x 1 -smx,©m^x x )]}) =*o. 
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placing this determinant equal to zero* 

b ) Two at tif f gners , being symmetrical, to the center 

line TV - \>j21o l t w it h_eaual_ dimension s . ~ Per two stiffen* 

ers being symmetrical to the middle T]^\>/2'b l with equal 
cross sections and moments of inertia, $ x "becomes 

* x = * 8f and h 3 = T> x 

so that the left-hand side of. the "buckling condition (38) 
can "be simplified with these values and can he written as 
a product of two factors. With b/b x « p, the buckling 
condition "become s 



{ 



> 



- k 2 ( K x s + K a a ) sinh pKj. sin p K 2 

+ $ x [- K x sinh pK x sin K 2 sin (p - 1 ) k 2 + 
+ k 2 sin p K 2 sinh K x sinh ( P - 1 ) K t lj 
x ^K^g (i*! 8 + K 2 S ) cosh 0K X cos pK 2 

+ [k x cosh P K x sin K 2 cos(P - 1 ) K 2 - 
- K 3 cos P Kg sinh K 1 cosh(p - l) D } = 0 

Since each factor, placed equal to zero, satisfies the 
equation, we get 

1- • - K x Kg (k x s + K 2 S ) sinh 0K X sin 3* 2 

+ * x "[- * x sinh P k x sin K 2 sin (3-1) K 2 + 

+ K B sin p K a sinh K x sinh (3-1) K x ] =* 0 



(39) 



> (40 ) 



This "buckling condition agrees with one for a plate of the 
width b/2, hinged at the longitudinal "borders, which is 
stiffened by a longitudinal stiffener at a distance T) = 1. 
(See "buckling condition (19), p. 14« ) At the point T) = 
3/2, therefore, the boundary conditions for hinged mount- 
ing are satisfied. Thus the "buckling form for our case 
with two stiffeners in the middle of the plate contains a 
nodal line. The buckling condition (40) therefore gives 
the buckling stresses for buckling ant isymmetrical to the 
center line T\ ~ 3/2. 



f 
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2 . The "buckling condition : 

K X K 2 (k x 2 + K 2 S ) COSh P K x COS P K g 

+ $i [*i cosh P K x sin K 2 cos (P - l) K 2 - > (41) 
- K 2 cos P K a sinh K 1 cosh ( P 1 ) K 1 ] = 0 

contains the "buckling stresses for "buckling symmetrical 
to the center line T] = P/2. 

c ) Exam-pies : 

1 . Two longi tudinal stiffeners, at_ei^al_^stance s • - 
For two longitudinal stiffeners with equal dimensions and 
equal distances (b x = h 2 « h 3 = h/ 3 ) the "buckling condi- 
tions (40) and (41), after "being split up into factors, 
change into 



K K 

sinh -g 1 sin 



- IS K x s + K 3 a ) + 

sinh K, 



sin K 



cosh ~ cos 
+ 4> 



K x sinh 2 -g^ K 2 ^3-4 



sin 2 



= 0 



(42) 



sinh K « 



sin K 2 



\ k x (4 cosh 3 -^-s) * 3 (4 coi 2 ^f-s) 



(43) 



or, if again equating each factor to zero, wherehy the.fac- 

K K 

tors sinh -g 1 and cosh -g 1 are omitted, since they can- 
not approach zero , according to assumption : 

K, 



sinh k 



sin ~ = 0 



sin K 2 



. 1 K 1 (34-4 sinh 2 K 2 (s-4 sin 2 



(44) 



= a (45) 



(ant i— 
s y Di- 
me t.- 

.. rical 
"buck-* 
ling) 
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.cos -~ = 0 



-( t?i S + K s s ) + 

sinh K ■ 



* »i 



sin k s 



K x ^4 cosh 2 - 3) K 2 ^4 cos 2 -3) 

To the solutions of (44) 

-™ = TT , 2tt , 3tt • • « • 



(46) 



=0 (47) 



( sym- 
met- 
J> rical 
"buck- 
ling) 



which are independent of , correspond the ant i symmetri- 
cal "buckling forms with nodal lines at the longitudinal 
stiffeners. The "buckling stresses corresponding to the 
first value k 2 = 2tt are 

k =36 (— + ~ j Minima: k = 144 for ^ = 1 

The buckling form has 6 half-waves in ^-direction (fig. 9, 
la). To the following solutions of K 2 correspond "buck- 
ling forms with multiples of 6 half-waves. Those values 
are higher "buckling stresses which cannot be taken into 
account for this calculation. 

To the solutions of (46) 

K s _ tt 3tt 5rr 

2 2 2 2 

correspond the symmetrical buckling forms with nodal lines 
at the longitudinal stiffeners. The "buckling stresses of 
the first value are 

k = 9 (3a + Jl") Minima: k = 36 for 3fi =» 1 
vm 3aS m 

The "buckling form has 3 half-waves in Indirection (fig. 9, 
Ila). The following solutions of K 2 also give higher 
"buckling stresses, since to them correspond Truckling forms 
with multiples of 3 half-waves. The equations (45) and 
(47) give the buckling stresses for the "buckling forms sym- 
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metrical and antisymmetrical to the axis T) = 3/2, at 
which the plate "buckles with the stiff eners (fie* 9, lb 
and lib). 

In figure 10 the "buckling stresses for Y = 5 and 10 
are plotted against the ratio a. For small ratios (a < 
~ 0.4) the buckling condition (46) gives the smallest 
buckling stresses, for great ratios the buckling values 
have to be calculated from (47). Besides that, for small 
values of Y (in fig. 10, for Y = 5) at ratios a * 0.4 
to 0.7 the antisymmetrical buckling is calculated from (45). 

Timo shenko calculated approximate values for this case 
using the energy method and put them together in a table 
(reference 20), but the table is set up only for the sym- 
metrical buckling cases according to (46) and (47), not for 
the antisymmetrical buckling form from (45). Several nu- 
merical values in the table are therefore too great. For a 
comparison in figure 10, the curves for 7=5 and Y = 
10, respectively, and 8 = 0.1, which correspond to Timo- 
shenko's values, are shown as clotted lines* The values of 
the approximate solution are slightly greater than the ex- 
act values from (47); however, with increasing ratio a, 
the differences become smaller. The solutions by Lokshin 
(reference 13) are aiso incomplete as they only consider 
symmetrical buckling. 

2 • S^if fen ers_at_ small 
center lino.- With welded structures "the case may occur 
where one longitudinal stiffener is split up in two , each 
half being on a different side of the plate but both at a 
small distance from each other (fig* ll)» in order to avoid 
lapping of the welding seams. The buckling stresses can bo 
calculated from (40) and (41) if both halves of the stiff- 
oner are symmetrical to the middle . Since b 2 is small 
against b by hypothesis, the buckling stresses for anti- 
symmetrical buckling (fig. 11,1) increase as b 2 increases; 
for, in the limiting cases b s = 0, the plate buckles like 
the nonstiffened plate with a nodal lino-,, whereas at an ec- 
centricity b 2 . also the stiffeners are bent and therefore 
the resistance against buckling, is great er... • The. buckling 
stresses therefore remain on the safe side. if those. of the 
limiting case b 3 = 0 are used. However, the buckling 
stresses for symmetrical buckling (fig. 11,11) decrease as 
b a increases. For the example of the plate with the ratio 
a = 1, and the stiffener with Y =2.5 (8 = 0), the buck- 
ling values are, from (41) 
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Wt> I 


0 


0.05 


OilO 


0.15 


k 1 


11.06 


11.06 


11.05 


11.00 



The differences "between the k values are small, so that 
if no greater eccentricities are in question, the "buckling 
values of the limiting case "b 2 = 0 can he used. 

III. PLATE WITH TRANSVERSAL STIEEENERS 

1. general principles.-* The rectangular plate with 
transversal stiffeners at the points x = a lf x = a x + 
a 2 . (fig. 12) consists of r plate fields with the ra- 
tios 




(a = & as ratio of the whole plate), 
o 

With the notations 

e = f * 71 = f ' a * = * * °* ((Te = b^t 3 EUl6r StreSs) 

the deflections w of the center cross section of each 
plate field i, on account of the compression stresses at 
the transversal "borders % = 0 and \ = a, satisfy the 
differential equation (2), in which the value cp x is to 
he replaced "by cp, according to the notations mentioned 
above. 

Assuming hinged (w = Aw = 0) longitudinal "borders 
T| = 0 and T| = 1 , the differential equation (2) in each 
field i is satisfied "by 

xr i = XiU) sin ni tt T) (n± = 1,2,3 ...) . (48) 

"by which the bending area in Indirection is assumed to 
have sine shape. The function Xj^ , only dependent on |, 
is obtained from the common differential equation 



X^ v + (tt 2 cp - 2n. 2 tt 2 ) X." + n. 4 tt 4 X. = 0 



(49) 
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the general solution of which is 

^i^i sin ^i^x+Bj cos ti^i+Oi sin |ii\ a + ^i cos l±K a (50) 

with x x = 2 (,/^± 4n i 8 ) > 4n i a ) 

s 

Since for every field according to (48) there exists a 
sine-shaped (in T|-direct ion ) bending area, the number of 
half-waves in ^-direction must be the same in all fields 
(n^ = n) "because of the steady connection of two adjoin- 
ing fields. Of all values n the minimum values of the 
buckling stresses correspond to n = 1; therefore, the 
following general deviations are calculated with n « 1« 
With the aid of the four boundary conditions at the borders 
|=0 and I = a and the 4(r - l) transitional condi- 
tions at the (r - l) stiffener we can set up 4r homo- 
geneous equations, from which the buckling condition, and 
from that the "buckling stresses <j\ z = k cr 0 can be calcu- 
lated. 

2 . 5oun dary and t ran si tional condi t ions . - At the bor- 
ders I = 0 and I = a, rigid and hinged mounting is as- 



and for | = a 



i « o 






= 0 


A V7 X 


= 0 




= 0 


A w r 


= 0 


i, 


i.e 



(51) 
(52) 

(53) 
(54) 



At each stiffener 
ai [i a 1 to (r — 1)3, the following transitional con- 
ditions must "be satisfied: 

1. The geometrical conditions for steadiness require 

w i " w i+i ( 55 ) 



(56) 
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2. Ueglecting the torsional stiffness of the stiffen- 
ers, the "bending moments m| of adjoining plate fields i 

and i + 1 at the stiffener i are equal, L*e* 



I) 
b 2 



t 
an 



3 If 



(57a) 



Since on account of the steady connection the curvatures in 
redirection at the stiffener must he equal, i.e., 



9j^i _ ^i±i 

a if an 2 * 

equation (57a) changes into 



(57b) 



(57) 



3. Considering the plate fields i and i + 1 as 
cut off along the stiffener i, the transversal loading 
of the stiffener must he put equal to the difference of 
the reaction forces of the two plate fields, at which the 
deflections of the stiffener must he assumed to he equal 



to the def 3 ©ct ions 



or 



i + 1 at the point % = a 3 



a 2 + m + aj. 

ener ahout the 



Denoting the moment of inertia of the stiff- 
£-axis by J± 9 we have the equation: 



- E J, 



a 

h^arr 



or with -r— 
b 33 



D 



r a 3 



■ (2^) — JL. - 

s^arf 

*!li±l _ (2 .a) *!Zi±l 

a?; 3 



a|aif 



= Yj and, considering (56) and (57h) 



4 

a wj 



"3T) 



a w^ 



a 3 w 



3e 3 ~ 



(58a) 



(58) 



After substituting the solutions 

~ sin it T) 



in the boundary and transitional conditions, we obtain the 
following equations, only dependent on the variable 
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for determining the constants in the functions Xj : 

X, 



X ' = 



X r = 
X" . 



° 1 

o ; 

0 ) 

0 J 



for 



for 



| = 0 
i = a 



X* - X 



X, - 

x 



i+x = 
X i+i = 
X M 



III III 

- Xi + X i+1 + Vi TT* X 4 



0 
0 

0 
0 



^ f or I = a^+ag + .-.+ai 



3 ♦ Plate \Tith one transver sa l stiffener : 



(51* 
(52 * 

(53 * 
(54 » 

(55 » 
(56 * 

(57« 

(58 t 



a ) Buckling condit ion«- For the plate with one trans- 
versal stiffener (r « 2) eight homogeneous equations, ac- 
cording to (51 r ) to (58* )» arise from the solutions of 
fields 1 and 2. 

w x ts X 1 gin tt TJ * x i = A i sin X^ + 



+ B x cos x x g + C x sin X a | + D x cos X s £ 

5 2 2 

\ 

the coefficients of which are given in table 4, This de- 
nominator determinant is solved as for a longitudinal 
stiffener; therefore we omit the whole process of solution 
for table 4. The result of the solution gives the buck- 
ling condition for the uniformly compressed plate with one 
transversal stiffener : 

(X x 2 -.X 2 3 ) *i* 3 sin a X^ sin aX 3 

+ V tt (•* x x sin a X^ sin cg 1 X 1 Blii 

+ x 2 sin a X a 



s A 2 

sin a x X x sin a a X 1 ) = 0 



(59) 



The buckling conditions for infinite stiffness Y, 

i.e., for knife-edge mounting at the stiffener, result 

from (59) by placing the factor V equal. to 0. The buck- 
ling " condition is 
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7\ x sin a X^ sin ax X 2 sin 0-2X3 + 

(60) 

+ X 2 sin a X 2 sin a^Xx sin cx^X x = 0 

Buckling conditions (59) and (60) are, regardless of 
the position of the stiffener and the magnitude of the 
stiffness Y, satisfied, if at the same time 

sin a X x =0, sin a X 2 = 0 

0 r 

a \ x * m x TT (m x -0,1,2,3...) 

a X3 = m 2 tt (m 2 = 0,1,2,3 ...) 

The corresponding ratios a and "buckling stresses are .ob- 
tained from 

i = _Al a Xg 

a m^ tt 

They are 

a = x m g , 

The case m 1 or m 2 equal to gero cancels , as we 
would get a = 0 and k = 00 . With m 1 = m 2 = 1,2,3 ... 
a "becomes 

a = 1,2,3 ... and k = 4 

This case also has to be excluded since by hypothesis 
k > 4. The values k = 4 for the ratios a = 1,2,3. ... 
are the buckling values of the hinged, nonstiffened plate 
where the buckling form consists of square buckles. It is 
evident that with one transversal stiffener present, the 
buckling values, on account of the greater resistance, gen- 
erally must be- greater than the ones of the nonstiffened 
plate. Only for the special case, where the stiffener co- 
incides with a nodal line of the buckling form of the non- 
stiffened plate, the solution m 1 = m 2 with k - 4 is 
valid also for the stiffened plate. 

The other values a, k with m lt m 3 = 1,2,3 (-m x ^ 

m 2 ) have a simple significance for the nonstiffened plate. 



k 



mi m . 







a 


6 


c 




e 


/ 


8 


h 




Gl. 


Ax 


B* 


Cl 




At 




c. 




I 


(5i') 




I 




i 










2 


(52') 




A? 














3 


(55') 


sin a x 


cos a x Ax 


sinoti A, 


cos a! A, 


— ■ sin ax Ai 


— cos a x Ai 


— sin ax A s 


— cos % Aj 


4 


(57') 


— A? sin a x A x 


— Af • cos a x Aj 


— A| sin a x Aj 


— A? • cos a x A2 


+ Af sin a x A x 


+ Af cos a x Ai 


+ A| sin a x A, 


+ AJ • cos ax A, 


5 


(56') 


Ax cos a x A x 


— Ax sin A l 


A s cos A, 


— A 2 sin a 2 Aj 


— Aj cos a x A 1 


+ Ax sin a x Ax 


— A, cos ^ ^1 


+ A, sin ax A, 


6 


(58') 


cos Ai 
+ y! j^sin Ax 


— Af sin Aj 
+ y x ji 4 cos A! 


A| cos Oj A s 
+ ft ji* sin a x A a 


— A^ sin a t A s 
+ y x n A cos otj A a 


— AJ cos a x Ax 


+ Af sin a x Ax 


— A| cos ax A s 


+ ^ sin ax A, 


7 


(53') 










sin a Ai 


cos a Ax 


sin a A, 


cos a As 


8 


(54') 










— Af sin a Aj 


— Af cos a Ax 


— AJ sin a A, 


— Al cos a A, 
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Plotting the buckling values k as functions of the ratio 
a, the points a, k agree with the coordinates of the 
intersections of the "buckling curves k = k(a) for the 
nonstiffencd plate which "buckles in longitudinal direction 
with m x and m 2 half-waves, as is obvious from equation 

COO ^ 1 ^ ( Oj ' 

a"^ + "a / ~ mE"^ + "a/ 



The re suit may he summed up in the following sentence: 
At the points of intersection of the "buckling curve s for 
the nonstiffened plate for m x and m 2 'half-waves in 

longitudinal direction (m lt m 3 = If 2 * 3 •••I m i ^ 
the "buckling condition of the plate, stiffened by one trans- 
versal stiffenor at any place and with any stiffness Y 
(also with 7 = oo) i s at the same time satisfied. 

For the restriction, ratio a^ag "being a real frac- 
tion, we can place 

a x = r l 9 a a = s £ 

in which r, s and u = r + s are positive integers. 

With the notations 



— - x x , -a- - * 2 



the huckling condition (59) becomes 
(X® - X 2 S ) X x X 2 sin u \ x % sin u * g ■ 

+ Y tt 4 (~X x sin u \ 1 } sin r X 2 ' sin s X s 1 + 

+ X 2 sin u Xg 1 sin r^' sin s X x ! ) = 0 



(61) 



Each term on the left-hand side contains the common factors 

sin \ x l and sin X 2 1 , so that (61 ) may he split up into 

sin \ 1 t = 0, sin X 2 1 = 0 (62) 

and 



U.A.C.A. Technical Memorandum . No, 904 



43 



. 1 " 8 } 1 8 sin V sin X s » 

+ ^ *i ~— — r V ; An , s Xg< - ^(63) 

L sin Xi sin X a 

. sin u X s f sin r X,' sin s X X H A 

4- Ao r — I" - : «— » =s 0 

2 sin Xg 1 sin X x ' J 

The quotients in the last equation are related terras. 

The "buckling conditions (62) which are independent of 
Y, are satisfied for X^ » X 2 f * 2rr » 3tt » • • • m tt •.. 
The corresponding 'buckling values are, both for X x 1 and 



k 



Or * &>' 



(m = 1,2,3 • • • ) 



Since £ a ^ = ^p-, the fields 
hinged at the four borders with 

longitudinal direction , so that 



in 



1 and 2 "buckle like plates 
mr and ms half -waves 



the entire plate "buck- 
les with m(r + s) half-waves and has a nodal line at the 
stiffener. According to "buckling condition (63) plate and 
stiffener "buckle at the same time. 



. "b ) Examples : 

1 • Transversal 
(a x a a/4). 



stiffener at a distance a x = a/3 



oo ) Buckling stres ses (including the hi gher ones ) for 
the squ are p late.- For the example of the square plate 
with one transversal stiffener at one-third of the length 
a the buckling stresses from (62) and (63) are plotted 
against ' Y in figure 13* In the bucklin'g conditions we 
have to place 



r » 1, 



s = 2, 



i , 1. 
b 3 



The points of intersection of the curves (63) with 
the k-axis are at the same time the buckling stresses of 
the nonstiffened plate (Y = 0); the corresponding buck- 
ling values are: 
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k ~ 4 (buckling form: 

direction ) 



1 half-wave in longitudinal 



k = 6.25 



k = 18.06 



("buckling, form: 2 half -waves in longitudinal 
direction) 

("buckling form: 4 half-waves in longitudinal 
direction) 



With increasing Y t the "buckling stress k = 4 (V a 
0) goes up first and approaches then asymptotically the 
value k « 5.795, to which corresponds accordingly a 
stiffener with infinite stiffness. With k = 5.795, we 
have reached the greatest, in practical , cases occurring, 
buckling value; the curves above contain higher buckling 
stresses. To the values 5.795 < k< 6.5 correspond neg- 
ative values Y. These "buckling stresses are without phys- 
ical significance since there are only positive ratios be- 



tween "bending stiffnesses of the stiffener and plate, 
(64) we obtain the further solutions: 

v2 



From 



= X 2 ! = tt, 2tt... with k = (zm + ~ ) (m - 1,2...) 



The minimum value o ccur s for m = 1 



3m 
and is 



11.11 

wave s 



100 
9 

At this value' the plate "buckles with 3 half- 
^-direction with a node at the stiffener. 



0) Bu ckling stre sses defending on the ratio a.- In 

figure 14 the buckling values are plotted as functions of 
a for the case of one transversal stiffener at a/3. The 
buckling conditions (62) and (63) are for this case 



sm •= 7\ x =i sxn =■ X 2 = 0 



(64) 



(X 1 2 -X 2 S )X 1 X 2 (4 cos 2 -| X x -l) (4 cos 2 a X a -l) 
+ V rr 4 ^- X x (4 cos 3 I X x -l) sin -3 X 2 + 
+ X 2 (4 cos 2 I X 2 -l) sin |S xj = 0 



y (65) 



The buckling values 

k = Of + f-) 2 

\ a 3m / 



(m = 1,2 . . . ) 
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from (64), which are independent of V, are those of the 
nonstiffenod plate vrith 3,6, 9 . . .half -wares in longi- 
tudinal direction, so that a nodal line occurs at the 
stif f ener. 

The solutions of the equation (65) give curves that 
are calculated for V = 0.5, 1#0, and , and plotted in 
figure 14. These curves coming from infinity with a = 0 
have a wave-shaped course and approach - not mentioning 
those for higher "buckling stresses - with increasing ratio 
a asymptotically the minimum value of the "buckling stress- 
es k s 4. 



For the ratios a = 3, 6, 9 ... and those in the imme- 
diate neighborhood, the, "buckling condition (64) gives the 
smallest "buckling stresses. 

The initial and end points of the sections, within 
which according to (64) lie the smaller "buckling values, 
are 'given by the intersections of the curves for (64) with 
those for (65), the magnitude of these sections being de- 
pendent on the magnitude of the stiffness V. The sections 
are smallest for V. = 0; the corresponding ratios a then 
lie within the limit s 

J (3m - 1) 3m < a < J Zva (3m + l) 

(For m = 1, a is 2.450 < a < 3.464.) The sections become 
larger with increasing Y and reach their maxima for Y = 
xx>. (For m = 1, we get 2.12 < a < 3.68.) 



Buckling condition 
Y t if at the same time 



(65) is satisfied independently of 



or 



4 cos 3 ! A x - 1 = 0 and 4 cos 2 | X a - 1 * 0 



COS S X = ± i 

3 . . 1 . 2 



and 



cos I X a = ± | 



so that 



a 



TT 



2tt 4tt 5tt 7tt 8tt 

~rr-> rr-f r-* =- • 



These , values are reached at the intersections of the buck- 
ling curves for m x and m 3 half-waves of the nonstiff- 



ened plate (a =7^7.5^, k » 
1, 2, 4, 5, 7, 8 (m x £ m s ). 



with m 
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As figure 14 shows,, the curves (65), depending on 
touch each other at the^ intersections of the "buckling 
curves for 1 and 2 f 2 and 4 § f 4 and 5, etc., half-waves of 
the nonstiffened plate, so that in these points the "buck- 
ling value s k are equal to those of the nonstiffened 
plate for any value of the stiffness Y. 

From table 5 the exact "buckling values k for the ra- 
tios a x /a = l/3 and a x /a = l/4 may he taken. 



Table 5 



a x /a 


Y 


a 


0.4 


.0.6 


1.0 


1.4 


1.8 


1/3 


10 
15 


11.265 
13.768 
15.840 


8.703 
10.085 
10.741 


5.694 
5.748 
5.764 


4.519 
4.519 
4.519 


4^317 
4.32 6 
4;329 




5 


10.287 


7,474 


5.317 


4.515 


4.458 


1/4 


10 


11.907 


8.655 


5.402 


4.516 


4.472 


15 


13.210 


9.226 


5.429 


4.516 


4.477 



2 . Tr an s ve r sal_ s t i f f en e r„in_t^„miMle_of J.he^late . - 
For a transversal stiffener in the middle of the plate 
(a x = a 2 = a/2) the "buckling conditions (62) and (63) 
change into 



sin | \ x = sin | X 2 - 0 (66) 

and 

2(A 1 3 -X 3 s )A 1 X 2 cos I X x cos g A 2 + Y tt* 

[(67) 

1 

I- A x sin f X 2 cos g X 1 + X s sin | Xj cos g A 2 | = 0 

The "buckling values from (66) 

k = U + 2mj 2 ( n « l, 2, 3 ...) 

\2m a/ 

are those of the nonstiffened plate with one nodal line in 
the middle. The corresponding "buckling form therefore is 
antisymmetrical to the center line g = a/2 # Buckling con- 
dition (67) which is also contained in L 0 kshin*s solutions 
(reference 13) gives the "buckling values for the buckling 
form which is symmetrical to the center line | = a/2. The 
required minimum stiffnesses were calculated "by Timoshenko 
(reference 2) with the energy method. 
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?lfit» with two transversal st iffenera - 
*) General "buckling condit ion — Tor the plate 
with two transversal stiffeners the 12 equations in tahle 
6 are developed from the deflections w of the plate 
field 1 to 3 with the aid of the Voundary and transi- 
tional conditions (51 •) to (58«). The solution of the 
denominator determinant gives the following general 
buckling condition of the hinged rectangular plate with 
two transversal stiffeners: 



7.f )\ (7.f — A§) 2 sin a X x sin a 7. 2 



(68) 



+ :r 4 7. 2 (7.£ — /}) {ft [7 a sin a sin ol x 7. 2 sin (a 2 + a 3 ) 7 2 

— 7. 2 sin a 7. 2 sin a x 7. 2 sin (a 2 + a 3 ) /J 
+ a.^ sin (a x + a 2 ) 7. 2 sin a 3 7. 2 

— 7> 2 sin a 7. 2 sin (a x + a 2 ) 7^ • sin a 3 7 2 ]} 
-f -** 8 ft Y% {7.f sin a 7. x sin a x 7. 2 * sin a 2 / 2 sin a 3 7* 2 

+ 7.| sin a/ 2 sin a 2 7^ sin a 2 7^ sin 7 a 
+ 7.j x 2 [sin a x 7 a sin Og 7. 2 (sin 04 7 2 sin a 3 7 X — 

— sin (<Xi + a 2 ) 7 2 sin (a 2 + a 3 ) 7^) 
-f sin 04 7. 2 sin a 3 7^ (sin a 2 7 X sin a 3 7 2 — 

— sin (a x + a 2 ) 7^ sin (a 2 + a 3 ) 7. 2 )] } = 0 . 

h) Two transversal stiffeners. symmetrical to th e 
center line g » q/2, with equal dimensions .- The buck- 
ling condition (68), with stiffeners placed symmetric- 
ally 



To = J and 



(69) 



simplifies to 

Af — A|) A a A 2 sin y sin y A 2 + y tt 4 ( - A x sin -j A, sin a x A 2 sin A 2 

+ A 2 sin -j A 2 sin x t A x sin ^ A, )] • [(A* - X\) A x A 2 cos |- ^ cos A 2 
+ y n * ^ _ cos — ).i sin a x A 2 cos A 2 + A 2 cos -| A 2 sin 04 A, cos ^- A^jJ = o 
Irom this we obtain two different buckling conditions 
"by placing each of the two factors equal to *ero. 

1. The first buckling condition 
(/•?-Ai)A 1 A 2 sin|A lS in^A 2 ) ^ 

+ y ^ _ ^ s i n ± A x sin A 2 sin A, + A 2 sin |- A 2 sin otj Xj, sin Ax) = 0 J 

agrees with the one for the plate with one transversal 
stiffener at the point £ » a x (see equation (59)) 
where the border of the plate | = a in (59) corresponds 
to the center of the plate | » a/2 in (70). Since 
buckling condition (59) is based on hinged plate borders, 
the buckling form from (70) contains one nodal line in 
the center of the plate, so tnat the ant i symmetrical 
buckling forms correspond to buckling condition (70). 

2. The second factor in (69) gives the buckling 
condition 



(A?-Ai)A 1 A 2 cos^-A 1 cosf A 2 



(70 



+ yjr*(— Aj cos ^ K sin «i h cos ^ ^* + A 2 cos y A 2 sin % A x cos ^ A t ) = 0 
with the buckling stresses for buckling forma symmetri- 
cal to the center line % » a/2. 
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a 


b 


C 


d 




/ 




Gl. 






Ci 








I 


(5i') 




1 










2 


(52') 




Af 




ai 






3 


(55') 


sin a! A x 


cos a x 


sin <x x A s 


cos a x A 2 


— sin <*! Aj 


— cos 04 Aj 


4 


(57') 


— X\ sin a x A x 


— AJcos a x ^ 


— A§ sin a x A, 


— A J cos ct x A f 


-f AJ sin ^ A! 


+ AJcosajA, 


5 


(56') 


^ cos aj 


— A x sin Oi A x 


A 2 cos a! A 2 


— A 2 sin a x A 2 


— Ai cos (x 2 Aj 


+ A x sin a, ^ 


6 


(58') 


AJ cos a x A x 
+ y 1 :rc 4 sinaxAj 


— A? sin a x A x 
+ y 1 ?i 4 cosa 1 


A? cos ol x A 2 
-j-yj^sinotiAj 


— AJ sin a x Aj . 
H-yi^cosaiA, 


— A? cos <%! Ax 


-f AJ sin a x A x 


7 


(55') 











sin (a x + a 2 ) Aj 


cos (a x -f a 2 ) A x 


8 


(57') 




_. 






— AJ sin (a t + a 2 ) A x 


— Ai cos (04 +0,)^ 


y 


V5° ) 











A t cos (a, 4- a.) A, 


— Aj sin (a x + a,) Aj 


IO 


(58') 










AJ cos (a x + a 2 ) A! 
+ y 2 J* 4 sin (a x -j- a 2 ) A x 


— A» sin + aj k 
+y 2 7i 4 cos(a 1 +c^); i 


ii 


(53') 














12 


(54') 















Condition (70 ) for ant i symmetrical buckling is 

satisfied for any value if 

sin — L = sin — A 2 = o 
2 A 2 * 

or 

^.A l = ~A 2 ^^, 2*, 3* . . . 

To these values are coordinated the points with the 
ratios a - V^i 15 ^ and the "buckling values 

2 * for a m s 2,4,6 • ♦.(m^m a ); the values 

n^mg 

with m x = a 2 drop out for the same reason as in the 
corresponding case of one transversal stiffener. Buck- 
ling condition (71) for symmetrical buckling, independ- 
ent of position and magnitude of the stiffener, is sat- 
isfied for 

cos — A 1 = cos Ao — 0 

2 1 2 * 

or 

2 1 — 2 /2 2 » 2 ' 2 

To this correspond the points a, 5e with m lt m 2 » 
1, 3, 5 (m x ^a 8 ). 

c) Examples «~ For two equally large stiff eners at 
equal distances (a x » a 2 » a/3) the buckling condi- 
tions (70) and (71) become, after further splitting up: 

sm^l x = sin~;i 2 ==o, (72) 

(/? - 2» k h (4 cos* % l x - r) (4 cos*! * 2 -i) 

+ ? ^ 4 [- *i (4 cos 2 1- ; x - I ) sin j l 2 + Z 2 ( 4 cos 2 ~ ; 2 - I ) sin * aj = 0 
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n 




i 




/ 


/« 


■ V 






■ 1 




























: 




— - sin a! A, 


— cos ^ A s 











+ B sin <x x A, 


+ AJ cos a t A, 











— A 2 cos ol x A 2 


+ A, sin a x A, 












— ^ cos oti A, 


-f AH sin a! A, 










sin (a, ,+ a,) A, 


cos ( ai + a,) A, 


— sin (a t + a t ) A l 


— cos + a,) Aj 


— sin (a 1 -f a,) A, 


— cos -|- oc,)A 2 


— AJ sin (a t H-a,)A t 


— AS cos (aj + a^A, 


+ A'f sin K -f a,) X x 


+ Afcosfo+a,) X x 


-h AS sin (a^a.JAa 


+ Ajjcos (aj-l-aj) A 2 


, A,cos( ai + a,) A a 


— A t sin (ai + a^Aa 


— Ai cos (at-f a,)Ai 


■f A t sin fo+a,) A! 


— A,cos(a 1 +a 2 )A a 


+ A J sin(a 1 + a a )A a 


^5 cos (a! + a,) A, 
+jyt«sin(a\ + a 8 )A a 


— A§ sin -h a^Aj 
+ y t n A cos(a A + a 8 ) A, 


— A? cos + a,) Aj 


-f- A? sin K+a,^ 


— A5cos(a 1 -ha,)A a 


+ A§sin (ai-ha^Aj, 






sin a A t 


cos a A t 


sin a A, 


cos a A 9 






A? sin a X x 


A? cos a A x 


A? sin a A a 


AH cos a A 2 



for an ti symmetrical buckling, and 



(74) 



cos - 6 A x = cos -^A 2 = u, 

W - «) *i ^2 (4 cos*| A x - 3) (4 cos*£ A a - 3) 

+ y* 4 [- '1(400**-^ j (75) 

for symmetrical Truckling. 

The corresponding "buckling stresses are given in 
figure 15 for different values* 

The equations for ant i symmetrical "buckling agree 
with those for a plate with one transversal stiffener 
at 1/3 of its length* (See (64) and (65), also fig. 14.) 
The ratios a in those equations must he replaced hy 
a/2. The discussion of ant 1 symmetrical "buckling is 
omitted since the huckling conditions (64) and (65) 
have "been discussed he fore* 

Prom (74) we ohtain the huckling values: 

*- 3. -o. 

The plate ouckles like the nonstiffened plate with 
3, 6, 9 ... half-waves In longitudinal direction, bo 
that nodal lines arise at the stiffeners. The huckling 
stresses from (75) giro the curves for the symmetrical 
buckling forms, for which the stiffeners also hend at 
huckling. These curves, like the corresponding curves 
of the ant i symmetrical huckling, also approach asymptot- 
ically the minimum value k - 4 for increasing ratio a. 
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Since "buckling condition (75) is satisfied for any 
value V, if 

4 coss \ x ~ 3 = 4 cos* 2 x 2 - 3 = 0 



or 



<x * a \ n 5tt 7tt 

g A x = g A 2 = ^. - 6 — — •••• 

it follows for the corresponding values 

= v m i m s and k 5=5 — i7 



a 



that m lf m 2 = 1, 5, 7 ... Therefore the curves, depending 
on touch each other at the intersections of the curves 

for 1 and 5, 5 and 7 half-waves of the nonstiffened 
plate. At the intersections of the curves for 1 and 3, 
3 and 5 ... half-waves of the nonstiffened plate, the buck- 
ling condition (74), which is independent of V, confirms 
the already mentioned fact, that also in these points the 
plate "buckles independently of the stiffeners. 

In the sections in which the buckling conditions give 
the smallest buckling values, the curves are full lines. 
It is evident from. the continuous change of symmetrical 
and antisymmetrical "buckling forms that "both types are of 
equal significance. 



Translation by W. L« Koch, 
California Institute 
of Technology 
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Figure 4.- Buckling stresses of a plate with 
one longitudinal stiffener at 1/3 
of the width b. 
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Figure 5.- Buckling stresses of a plate with 
one longitudinal stiffener at 1/4 
of the width b. 
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Figure 6.- Buckling forms of a plate with longitudinal stiff ener in the 

middle. I, an ti symmetrical "buckling form; II, symmetrical 
"buckling forms; (a) V = finite value, ("b) Y *= oo , (knife-edge mounting). 
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Figure 12.- Notations of 

plate with 
transversal stiffeners. 
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Figure 13 Buckling stresses vs. 

stiffness of transversal 
stiff ener. (Square plate with one 
stiff ener at l/3 of length a*) 
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Figure 9.- Buckling forme of plate with 

two longitudinal stiffeners 
in equal distances. I -Anti symmetrical 
II~Symmetrieal buckling forms. 





Figure 10.- Buckling stresses of plate with two 

longitudinal stiffeners at equal dis- 
tances. The dotted lines for symmetrical buckling 
form(at 6 « 0,1) Correspond to Tiaoshenko^ solutions. 
(All borders hinged). 



Figure 15.- Buckling stresses of plate with two 

transversal stiffeners at equal distances. 




Figure 14.- Buckling stresses of plate with one 

transversal stiffener at 1/3 of length a. 



